are corrected due to a programming error; analysis extended to two different IR cutoffs; Introduction rewritten; to appear in J. Phys.G.] We consider the "modified Minimal Analytic" (mMA) coupling that involves an infrared cut to the standard MA coupling. The mMA coupling is a Stieltjes function and, as a consequence, the paradiagonal Padé approximants converge to the coupling in the entire Q 2 -plane except on the time-like semiaxis below the cut. The equivalence between the narrow width approximation of the discontinuity function of the coupling, on the one hand, and this Padé (rational) approximation of the coupling, on the other hand, is shown. We approximate the analytic analogs of the higher powers of mMA coupling by rational functions in such a way that the singularity region is respected by the approximants. Several comparisons, for real and complex arguments Q 2 , between the exact and approximate expressions are made and the speed of convergence is discussed. Motivated by the success of these approximants, an improvement of the mMA coupling is suggested, and possible uses in the reproduction of experimental data are discussed.
I. INTRODUCTION
In perturbative QCD (pQCD) calculations, the coupling a(Q 2 ) ≡ α s (Q 2 )/π shows non-physical singularities at low energy (−q 2 ≡ Q 2 0.1 GeV 2 ). The aim of analytic QCD (anQCD) is to give a coupling A 1 (Q 2 ) which is analytic at low Q 2 (> 0) and reproduces the high energy behavior of a(Q 2 ). Using the Cauchy theorem we can write QCD running coupling in the integral form
where η → +0 and ρ 1 (σ) is the discontinuity function of a(Q 2 ) along the cut axis in the complex Q 2 -plane at n-loop approximation given by ρ (n−ℓ.) 1
(σ) = Im[a (n−ℓ.) (−σ − iǫ)]. The Minimal Analytic (MA) procedure of Shirkov and Solovtsov [1] removes the pQCD contribution of the unphysical cut, 0 < −σ ≤ Λ 2 , keeping the discontinuity elsewhere unchanged
This expression doesn't have singularities for Q 2 > 0 and, as required, reproduces the high energy behavior of a(Q 2 ).
In fact, A (MA) 1 (Q 2 ) is analytic in the entire complex plane of Q 2 with the exception of negative semiaxis, reflecting the analyticity properties of the space-like observables.
We will consider a modification to the MA coupling [1] of Eq. (2) . Following Ref. [2] , the lower limit of integration is increased to a certain value M 2 0 which we set to be ∼ M 2 π (∼ 10 −2 -10 −1 GeV 2 ). Thus, the modified MA coupling is given by the following dispersion relation:
One of the motivations for modifying the MA in this way is to include the point Q 2 = 0 and its vicinity in the analyticity region of A 1 (Q 2 ), something reflected by analyticity properties of the space-like observables, among them the V-type Adler function, where the infrared (IR) cutoff M is not a Stieltjes function. In this work we investigate the behavior of the coupling A 
Sec. IV we extend our analysis to the higher power analogs A (mMA) n of a n (n ≥ 2), construct the approximants for
based on the aforementioned paradiagonal Padé approximants for A (mMA) 1
and investigate their behavior for Q 2 > 0. In Sec. V we investigate the behavior of the aforementioned approximants for complex values of Q 2 . In Sec. VI we propose an extension (improvement) of the mMA model, motivated by the success of the narrow width approximations of the discontinuity function ρ 1 (σ) in mMA; further, we point out the prospects for applications of such simple analytic QCD models to fitting experimental data. Section VII represents the summary of our results.
II. PADÉ APPROXIMANTS AND STIELTJES FUNCTIONS
Consider a function f (z), of a complex variable z, with power expansion about the origin given by
The Padé (or: rational) approximant, R N M (z), is defined as the rational function
satisfying the condition that its expansion about z = 0 matches N + M + 1 terms in the power series expansion in (4). The paradiagonal Padé R
M−1 M
can be written (using partial fractions) in the following way:
where z n are zeros of the denominator in Eq. (5) . If the function f (z) is a Stieltjes function with a finite radius of convergence R > 0, i.e.
with g(τ ) a nonnegative function, thus f (z) having the real coefficients of its series expansion around z = 0 given by
then a strong convergence theorem in the theory of Padé approximants applies which says: in the limit M → ∞, R M+J M (z) (J ≥ −1) is equal to f (z), and the poles of R M+J M (z) are simple poles which lie on the interval of the negative real axis given by −∞ < z < −R (Ref. [3] , Sections 5.2, 5.4).
In particular, when f (z) is a Stieltjes function, the Padé R M−1 M (z) of f (z) has the form (6) with d n > 0 and z n > 0, the poles −z n having the following ordering:
III. APPROXIMATION OF THE COUPLING BY RATIONAL FUNCTIONS
In order to establish a relationship between A (mMA) 1 (Q 2 ) and a Padé approximant, we first note that the modified MA coupling in Eq. (3) is a Stieltjes function, as defined in Eq. (7) by identifying: Q 2 = z, σ = 1/τ and ρ 1 (σ) = τg(τ ). It has the convergence radius M 2 0 , and the series expansion about Q 2 = 0 given by
andg(τ ) = σρ 1 (σ). For simplicity, we want the expansion coefficients to be dimensionless. To fulfill this, we introduce dimensionless variables s = σ/Λ 2 = 1/t and u = Q 2 /Λ 2 in Eq. (3), where
. Consequently, Eqs. (9) and (10) obtain the form
with
An important consequence of the fact that A
is a Stieltjes function is that the series in Eq. (9) only converges within the finite disc in the Q 2 -plane (Q 2 < M 2 0 ), elsewhere the series is divergent. However, we will see that, because of the aforementioned theorem [3] , only few coefficients of this divergent series are needed in order to evaluate A 
where
n are all positive dimensionless quantities. In Ref. [4] , this type of approximation was applied to the spectral function of the vector channel vacuum polarization function Π V (Q 2 ). It was motivated there by the highly singular behavior of the vector spectral function in the limit N c → ∞. In our case we aren't working in that limit, but we note that the spectral function ρ 1 (σ) of A (mMA) 1 (Q 2 ) is positive; although θ(s) has finite values, such a function can be well approximated as a sum of positively weighted Dirac deltas for the purpose of integration. We will see that this approximation is equivalent to approximating the mMA coupling A
Using the singular approximation (13) for θ(s) in Eq. (11), we obtain
This relation is the same as R
given in Eq. (6), with z = u, z n = s n and
Therefore, by approximating θ(s) by positive Dirac deltas we obtain A
written in a (paradiagonal) Padé form. Further, the following relation holds [3] :
where K is a constant. Therefore R
(uΛ 2 ) when M → ∞. In our evaluations we will use the perturbative coupling given by the solution of the two-loop renormalization group (RG) equation
where W ∓1 (z) is the Lambert function (branches n = ∓1), and the argument z ± is given by
, the number of active quark flavors is n f = 3. For details see Ref. [5] . With the coupling given in Eq. (17), the discontinuity function becomes
with φ = −π and |u| = σ/Λ 2 ≡ s in Eq. (18). These expressions are in fact valid at any n-loop level (n ≥ 2) in the 't Hooft renormalization scheme. We set Λ = 0.35 GeV (at n f =3).
2 This value can be changed later when we fit experimental data. Here we will compare numerically the accuracy of the rational approximants with the "exact" numbers, i.e., those obtained by evaluating numerically integrals Eq. (3). The first twenty coefficients computed with the discontinuity function at two-loop given in Eq. (19), for M0 = 2Mπ. In parentheses, the results for M0 = 3Mπ are given. All the numbers here are presented as rounded off at the sixth digit.
In Fig. 1 
We can compute L n coefficients of mMA appearing in Eq. (11) by using the discontinuity function (19) in integrals (12). All the integrations are done numerically. The first twenty coefficients are shown in Table I . With these coefficients we can compute the paradiagonal Padé approximants R M−1 M (u) up to R 9 10 (u) (for higher Padé's we need more coefficients).
All the rational approximants R (Q 2 ). Since this radius is larger in Fig. 2(b) , the convergence of the Padé approximants is also faster there.
The rational function R Fig. 2(a) quite well for all 0 < Q 2 < 10 GeV 2 , and in Fig. 2 (b) the agreement is even better.
In order to give an idea of how the approximants work, we list in Table II the values of Q 2 at which the deviation from A (u) with M = 10 the deviation is less than 0.1% for all Q 2 < 2.5 GeV 2 , and less than 1% for all Q 2 ≤ 5.4 GeV 2 (when the Padé index is M = 20, these values increase to 10.33 GeV 2 and 22.63 GeV 2 , respectively). We recall that these values are much higher than the convergence radius of the Taylor series, Eqs. (9) and (11) 
IV. APPROXIMANTS FOR THE HIGHER POWER ANALOGS OF THE ANALYTIC COUPLING
To obtain the analogs of the higher powers of the analytic coupling in this formalism, we use relations given in Ref. [7] . At the 3-loop level truncated series for the analytic coupling, we have:
The correspondence between the powers a k of the perturbative coupling a(Q 2 ) = α s (Q 2 )/π and the above quantities is: a k → A k . The couplings A k are the analytic versions ("analogs") of higher powers needed for evaluation of observables. We note that in general A k = A k 1 (for further discussion, c.f. Sec. III of Ref. [7] ). Using the dispersive integral expression Eq. (3) in Eqs. (21), we obtain explicit expressions for A k 's in terms of integrals of the (perturbative) discontinuity function ρ 1
We see from here that the quantities A ; namely, these poles appear on the negative real axis in the range:
is a Stieltjes function [3] . On the other hand, the analytic higher power analogs A (uΛ 2 ), respectively, in the following way:
whereR n (u) = (−1)
A comparison between R k and their respective A k , computed from R . The accuracy of the approximants increases when the cut M 0 increases, e.g., from 2M π to 3M π .
V. COMPLEX ARGUMENTS
In evaluation of observables, sometimes evaluation of the analytic coupling and their power analogs at complex values of arguments is needed (e.g., see App. C of Ref. [7] ). For some complex arguments
, the results based on the approximant R Fig. 8 (b) are not discernible to the eye. We also see that the deviations of R 2 from A 2 cannot be seen by the eye in Figs. 8 when the cut value M 0 increases to 3M π . Both aforementioned aspects (I, II) that decrease accuracy are, however, not very important in practice when evaluating observables. Namely, the higher order contributions (∼ A n ) are very suppressed in anQCD (even when |Q 2 | is low), and the contributions of Q 2 near the time-like axis in the contour-type of integrations (e.g., for the semihadronic τ decay ratio r τ ) are usually suppressed by the integrand. 
VI. PROSPECTS OF APPLICATIONS IN FITTING EXPERIMENTAL DATA
In Eq. (3) we considered the dispersive relation for A 1 with an IR σ-cutoff
. Such a cutoff results in the analyticity of A 1 around Q 2 = 0, thus reflecting the analyticity of space-like observables D(Q 2 ) in the complex plane excluding the time-like semiaxis but including a regime around Q 2 = 0.
to high accuracy (to at least about 20 and 30 digits, respectively), in order to avoid numerical instabilities connected with cancellation of large numbers. In MA model, the scale Λ can be fixed so that it reproduces measured values of QCD observables at higher energies Q 10 GeV (⇒ Λ n f =3 ≈ 0.4 GeV) [6] . However, then MA gives too low value of the massless strangeless (△S = 0) semihadronic τ -decay ratio: r τ ≈ 0.14 [7, 8] . The experimentally measured value of this quantity is: r τ = 0.204±0.005 [9] . The latter value can be reproduced in MA with Λ (n f =3) ≈ 0.4 GeV only if the current masses of light quarks (m u , m d ∼ 1 MeV) are replaced by much larger (constituent) masses (m u , m d ≈ 0.25 GeV) [10] and the threshold effects become very important.
By introducing IR cutoff σ cut = M 2 0 , the coupling A 1 gets further diminished at low Q 2 , and thus further diminishes the value of r τ . To remedy this situation, we can, in the simplest way, simulate the unknown behavior of ρ 1 (σ) (Fig. 9 ) at σ M 2 0 by adding a simple positive Dirac delta peak:
. This would then allow us to achieve, in the model, the correct value of r τ while still maintaining the analyticity of A 1 around Q 2 = 0. Thus, the full discontinity function in such a "delta-modified" MA model (dmMA) is
where Θ(x) is the Heaviside step function (+1 for x > 0, zero otherwise), and ρ 1 (sΛ 2 ) is the pertubative QCD discontinuity function: ρ 1 (sΛ 2 ) = a(−sΛ 2 − iǫ). This leads to the following A 1 : (u) approximation to this analytic coupling we obtain
This has the same form as the Padé R We see that even with this modification (dmMA) of the MA, the evaluation of the couplings A n (uΛ 2 ) (n = 1, 2, . . .) is made simple and efficient by using the Padé approximant (28); for the evaluation, it suffices to know the (three) parameters s 0 , s −1 and f −1 and the first few coefficients L k [Eqs. (11)-(12) and Table I ].
VII. SUMMARY
We worked with the minimal analytic (MA) model modified (mMA) by an IR cutoff σ cut = M show less precision when n increases and/or when Q 2 approaches the singularity cut. These approximants still work fine if we increase the order index M of the Padé. However, high precision is needed only for the n = 1 case, because the higher couplings A (mMA) n get strongly suppressed (even at low |Q 2 |) in analytic QCD when n increases. Further, when evaluation of observable involves contour integration (such as, for example, in the case of r τ ), the contributions of A n (Q 2 ) get supressed by the rest of the integrand when Q 2 comes close to the singularity cut. While we generally used for the IR cutoff σ cut (∼ M 2 π ) the specific value σ cut (≡ M 2 0 ) = 4M 2 π , we also showed that the conclusions in this work are independent of the specific value chosen, by comparing various results for M 0 = 2M π and M 0 = 3M π .
We further suggested an inclusion of one additional Dirac delta function to the mMA discontinuity function θ(σ − M 2 0 )ρ 1 (σ) at low energies where the precise behavior of ρ 1 is unknown -Dirac modified MA model (dmMA). Such a modification maintains the analyticity at Q 2 = 0 and its vicinity, and allows us to reproduce the experimental value of the semihadronic τ decay ratio r τ . Such a modification keeps the same form of the Padé approximants R as in the mMA case and allows us to evaluate them (and the higher power analogs) in an easy and efficient manner. The (three) parameters of such a model can be determined by requiring that the model reproduces the measured values of low energy QCD observables [11] .
